11.3.2 Moment-Generating
Function



This last expression is the product of the moment generating-
functions for M scaled Poisson processes, the mth process having

Moment generatin inensiy 2(,) and jump size y,,

If Y, takes one of finitely many possible nonzero values y,,y,,...,Ym,
with p(y,) = P(Y; = vy,) so that p(y,,) > 0 for every m and ¢y (u) =
M _ P(y,,)e¥m, It follows from (11.3.2) o
Q(t)y=) Y, t=>0.
pQ(t)(u) = exp {»\t( ) p(ym)e™¥™ — 1)} ;
m=1

M scaled Poisson process:

M o
By, IEEEH Poisson process
= ©XP {)‘t Z p(ym)(euym o 1)} Hintensity Ap (Vi)
m=1

= exp{Ap(v1)t(e"* — 1)} exp{Ap(y2)t(e™¥2 — 1)} ...
- -exp{ Ap(ym)t(e"¥™ — 1)}. (11.3.5)



Moment generating function

Theorem 11.3.3 (Decomposition of a compound Poisson process).

Let yy1,y2,...,Ynm be a finite set of nonzero numbers, and let p(y1),p(y2);-- -,
p(ynm) be positive numbers that sum to 1. Let A > 0 be given, and let

N1(t),Na(t),..., Nap(t) be independent Poisson processes, each Nm(t) hav-
' nt ty A\p(Ym ). D _ _
g mtensiy p(y ). Define N,,, (t): FEmFEjump sizepkN,, (t)ZX

M
) = z_l Ym Nem8), 820, (11.3.6) Q(t): jump sizeSEREHILEE

Q(t) is a compound Poisson process.



Moment generating function

e If Y; is the size of the first jump of Q (t), Y5 is the size of the second jump, etc. ,
and () = i‘ﬁm(t), ¢t >0, Isthe total number of jJumps on the interval (0, t].
m=1

« C—)> N (t) is a Poisson process with intensity A, the random variables Y;,Y,, . ..
are independent with P{Y;=y_} = p(y,)) form =1, ... ,M, the random variables
Y,,Y,,...Y, are independent of N (t) , and

N(t)
Qt)y=> Y, t>0.
1=0



Moment generating function

OUTLINE OF PROOF: According to (11.3.3), for each m, the characteristic
function of Yy Nm(t) is  pyne@) = B = exp{rt(e™ = 1)}. (11.3.3)

Py Vo () (8) = €XP{AD(Ym )t(e™¥™ — 1)}

With Q(t) defined by (11.3.6), we use the fact that N(t), N2(t),..., Nam(t)
are independent of one another to write | @ - mi YmNm(t), €20, (11.36)

M
‘P'Q‘(t)(“) = Eexp {u z ymNm(t)} 'ﬂ.(‘t).ﬁz(t) e ﬁﬂ(ﬂ

= [Eet¥1 N, (t)EeuyzNz () . EeuyMWM (t) are ‘MCPQME"*’

g R, _

o cpyan(t)( )(pyzNz(t)( u)- ”(pyMI—V-M(t)(u)
= exp{Ap(y1)t(e™¥* — 1)} exp{Ap(y2)t(e*¥? — 1)} ---
--exp{Ap(ym)t(e"¥™ — 1)},



Moment generating function

mgf ME—ME

* The random variable Q(t) of (11.3.6) has the same distribution as the
random variable Q(t) appearing on the left-hand side of (11.3.5) .

paca(s) =esp {3 3 ptom)en= 1))
_exp{}\th e'vm —1 )}

= exp{Ap(y1 )t(e™¥ — 1)} exp{ Ap(yo )t(e¥¥2 — 1)} ...

-+ -exp{Ap(ya )t(e"¥™ —1)}.

]Eexp{ Zym }

_ EEUHIN ft)Eeuyzszt EeuymNmft)

= Py N, ft)( )LPHENEH}( ) LPUMNM“}( )

—t“«ﬂlvfyl t(e™" — 1)} exp{Ap(y2)t(e"** — 1)} ---

-~ exp{ Ap(yn jt(e""™ 1)}



Moment generating function

 The substance of Theorem 11.3.3 is that there are two equivalent ways
of regarding a compound Poisson process that has only finitely many
possible jJump sizes.

* First, it can be thought of as a single Poisson process in which the
Size-one jumps are replaced by jumps of random size.

N(t)

Qi)=Y Y, t>0. (11.3.1)
1=1

« Alternatively, it can be regarded as a sum of independent Poisson
processes In each of which the size-one jumps are replaced by jumps
of a fixed size.

M
Q(t)=Y_ ymNm(t), t>0. (11.3.6)




Moment generating function

Corollary 11.3.4. Let y1,...,ym be a finite set of nonzero numbers, and
let p(y1),...,p(ynm) be positive numbers that sum to 1. Let Y7,Ys,... be a
sequence of independent, identically distributed random variables with P{Y; =
Um} = p(Ym), m = 1,...,M. Let N(t) be a Poisson process and define the

compound Poisson process
N(t)

Q(t) =) Y.

1=1

Form=1,...,M, let N,,(t) denote the number of jumps in Q of size ym up
to and including time t. Then

M M
N(t) = Y Nm(t) and Q(t) = D ymNum(?).
m=1 m=1

The processes Ny,..., Np defined this way are independent Poisson processes,
and each Ny, has intensity Ap(ym).
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